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General conformal mapping and some torsion
problems in comples plane

R.T. Matoog

Abstract— In this paper, we obtain the complex torsion functions for the cross section bounded by closed contour I' in z- plane. The cross section is confor-

mally mapped on the area inside the unit circle 7 in ¢ - plane by the rational mapping ; _¢ 1" +5¢ ™ .Also, the torsional rigidity of the cylinder is de-
1+ p¢"

termined. Many special cases are established and discussed from the work. The most of the author’s works in this domain are considered as special case of this

work.
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1 INTRODUCTION

For many years contact and mixed problems, in the theory ofln this paper, complex variable method is used to obtain
elasticity, has been recognized as a rich and challenging

subjected for study, see [1-4]. In addition, many different closed, exact expressions for a homogeneous isotropic cylindrical

methods are established for solving the contact and mixed bar using general conformal mapping. The stress functions,
problems in elastic and thermo elastic problems. The books
edited by Node et al.[5],Love [6], Popov [7], Aleksandrov and the torsional rigidities and numerical values are calculated in
et al.[8] and Parkus [9] contain many different methods to solve tlsome cases. Several figures are sketched showing the shapes of
contact problems, mixed problems and the problems of the cross sections corresponding to special values of the parameters
complex plane in the theory of elasticity. These problems can involved.
establish from the initial value problems, the boundary value
problems. More information for the elastic problems can be 2 BASIC EQUATIONS:
found in the work of Hetnarski et al. [10], Exadaktylos et al. [11, 18Jonsider a homogeneous isotropic cylindrical bar, subject to no
and Abdou et al. [13, 14]. body forces and whose cross section in the xy- plane is bounded by

A very important problem in mathematical physics is the a simple closed curvel’, the generators of the bar are then parallel
two-dimensional Dirichlet's problem for a simple closed 10 Z2TAiS!

curve. One of the situation from which it arisen is the classical 1t js known that, see Muskhelishvili [15], the complex torsion
Saint-Venant torsion problem of a homogeneous right cylinder ¢finction, is given by

length [ with lateral surface free of external load, when a Q@) =K, y)+iPX,y); z=x+iy 1)
twisting motion is applied to the bases of the beam which is
subected to the stress. The calculation of these stresses is
called the torsion problem. The stresses can cause 1 )
deformations and potential failure of the beam and therefore th#(x,y)==2Z({)Z (¢),+acons tant onl"; ¢ = pe'” (2)
solution to the torsion problem is important in practice. 2 . . .
There are two common approaches to doing these In terms of the variable ¢, the torsion function Q(z) takes the form
calculations: numerical techniques that calculate approximate so- 1 :2(0)Z(c?)
lutions and analytic techniques that lead to exact solution. Qz) =W (£) = ZJ‘ Td o +a (Cons.) ®)
Analytic solutions, when it can be determined, are often L o . . .
preferable because it exact and can usually be calcula’cedquickly.Where W (¢) is analytic in the interior of the circle|¢]=1.
Several authors used various methods, to obtain the solution &€ twisting couple N is given by
the torsion problems in exact and closed forms. Some of autho =7D, D =u(l +J) 4
used Laurent’s theorem to express the solution as a power Where, 7T is the constant twist per unit length, 4 is the rigidity of the

series, see Parkus [9] and Exadaktylos et al. [11, 12]. Others usedaterial of the bar, and D is the torsional rigidity of the cylinder. In addi-

complex variables method to obtain the solution of torsion probg, = | s the polar moment of inertia for the cross section, where
lems in the form of two complex functions, see Muskhelishvili [15] i 2 i
and Abdou et al. [16-18]. I = J 2208 == [Z(0)2 (0)Z (0" M o3d == [ Z(0)Z(c*W (o)do  (5)

Where, the harmonic function W(x,y) satisfies the boundary condi-
tions
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1+al™ +85°" Where A, ,i =0,1,2,3,4,5 are real constant to be determined from (2)

Z=c¢ ——, (c>0) (6)
1+ p¢ on y . After determining A, ’s the formula (8) yields
Here, m and n are positive integers; while «, 6 and § are real parame- ci s w o
ters restricted such that Z '({) does not vanish or become infinite in- W= 2(1- A+ B [rat+o"+2a(lro)c” =~ plrat+07)¢ 9)
side y . The parametric equations of I are —20p(L+8)S"" +254°" — 265"
X _ Fy) . y_ G(y) . 7 Many special cases can be derived from case (a). For example
¢ H@E) ¢ Hy) o(I-1):Let, in (6), m=2, n=5, we have
Where, H (y) =1+ > +24cosny 7 :C§1+a§ +55§ . (10)
and 1+ B¢
F () =cosy + gcos(n =Dy + acos(m + Ly + dcos(2m + Ly The corresponding complex torsion function is
+apfcos(m —n + Ly + 5B cos(2m —n +1)y; W (&)= c’i [L+ o+ 5 — 265C + 2a(l+ 5)L°
G (w) =siny — Bsin(n -y + asin(m + )y + ssin(2m + 1)y 21- B3+ B (11)
+afsin(m —n +1)y +§Bsin(2m —n + Ly —2afB(L+8) P +28* - B+ a’ +6°)C°]
| e¢(I-2):Let in the conformal mapping (3.1) @ = 0, to obtain the
! conformal mapping
i 7 2T ) 12)
& ] <| i 1+ ﬂé’n
i The corresponding complex torsion function takes the following
_ | form:
(Fig.1:a =.15,6 =03, (Fig2:=1/7,6 =1/8, i
B=.08m=3n=1c=1); B=1/15m =1,n =5c =1); w (§)=—n[1+52—ﬂ(1+52)§"+25§2"‘ -28B<"" .
2(1- )1+ pS")
¢(I-3): Let in (6), 6 =0, to get the mapping
1+al™
Z=c , (>0 13
¢ 1+ 0 c>0) (13)
The corresponding complex function is
c’i
W ()= [+’ +2af" - B+ a®)" - 25" "]
_ 20- A+ B
(Fig.3:a0=-1/6,6=1/5, (Fig.4:=02,6=—-0.2, .(1'4:): Let in (7), ﬁ :O, to obtain
B=1/13,m =3,n =5, =1) A=.0.1m=1n=3c=1) Z =c@A+al™ +6C%), (c>0). (14)
The complex torsion function takes the form:
W ()= C2' [L+a’ + 5 +2a(1+5)C" +250°]
Many special and different cases can be established and discussed
from the conforming mapping (12), (13) and (14) for the different
values of a,5,8,m and n.
There are however two cases of particular interest.
(Fig.5:2=0.09,6 =-.0.02, (Fig.6:¢=0.19,6 =-.0.1, 3.2 Case (II)' (n < m)
B=00Lm=2n=1c=1) f=.01m=1n=5c=1) * - !

In this case, the complex torsion function is assumed in the form:
Figs. (1-6) contain some shapes for the parametric equations (7) for

A 23 2m

dlfferer?t values a.5, 5, m_ and n. ) ) o W ()= el —> AS (AS ’s are real constants) (15)

To obtain the complex torsional function for certain curvilinear cross sec- 1+ 50" =

tion for the general conformal mapping (6), we must discuss thefollowing

three cases: Using the boundary condition (2), then equating the coefficients of

the term cos uy; 1 =0,1,...,2m, on both sides, we have (2m+1) equa-

3.1 Case (I):(n>2m)

In this case, the complex torsion function is assumed in the form tions are sufficient to determine the A_’s. For example: for the con-

W (£) = 1+°ﬁ'§n (A, +ACT + AL+ AL AL +AL] (8)  Tormalmapping
1+ ali+ 600
Z =g €20 (16)
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The corresponding complex torsion function is

c’i
A 2p°6 —2ap(L+0)(
20 F)Ls B B°6 =201+ 5)1+ p)g
+ B+ a’ +6°-288) %+ 2(1- ) + o — 8BS + 6471}
There are however two cases of particular interest.

o(II-1): When m >n with a common integer factor i.e.,
m=pn; p=123..,Nie.

{l+a®+5% -

W ()=

1+al™ + 6™

Z= , =23..,N;n=1..,M;c>0). (17
T n ¢>0). (17)
The corresponding complex torsion function is
W)= S ISALT A, =5 (18)
L+ ﬂ§ ) Z

where A ;1 =01.2p-lare unknown constants can be determined

using Egs.(2)-( 3)can be obtained in the form

{l+a’ + 8> +2(-B)’[a + ad + (-B)" 51},

A==
2(1—ﬂ2)

A= 20 ﬁ){ B la+ad+(-p)" 51- pl+a’+5°)}

AP—V :(_ﬂ)v[a+a5+(_ﬁ)P5]; A

2p-v

=(=p) 0.

Where, the final form of the corresponding complex torsion func-
tion takes the form

w()=—2

—[A, +A, +A,
A+p5")

LA 1)

v=12,..,p-Lp-v=l.

Many special cases can be derived from this case

o(II-1-a): Letin (17), 6 =0, we have
1+ad™

EREvYTos

The corresponding complex torsion function yields
c’i ) 2
W (<) :W{1+5 +2(-p)"6
Pl 5 2 O 4250 ) () E
o(II-1-b): Letin (17), p =1, we have 7
1+al" +807
1+ 5¢"

The corresponding complex torsion function becomes

ci
W= sy ~Zhla+ay=po)

+[201+8) - B+ a’ + 57 +28)C" +2(1- )6 ™}

€c>0;, p=2,...,N)

Z =cd :n=012,..,N

{l+a’+8°

3.3 Case (IL.2): (m >n)

2063
Let without common factor m >n i. e, we always find an integer p
such that (p +1)n >m > pn.

In such case, we assume the torsion function in the form

2

@+5¢")
P 2p

+A3§(2p+1)n72m +ZBS§m75n +ZBS§2m75n]
s=0 s=0

B, .CoCrnnn

W (§) = [A, + AL + AL

The constants A ,A,,A,,A,B,,B

3,201 P11y

C,, are real and can be

determined from the condition (2). After obtaining the values of
the constant, the torsion function is

Czi 2 2 n p
w (C)=W{(l+a +6°) L= BE") +2(-p) a(l+6)

XIE™ - L) 2aa- ISy €
+ 2(—ﬂ)2p 5[§2mfnp _ ﬁé‘(zp*“"’zm ] + 25(1— ﬁz)zi:(_ﬂ)vélzmiw}

Many different special cases can be derived from (20),
when (@ =0;6#0,8%0) (¢#0,6=0,8=0);(a#0,620,8=0), and for
different values of m and n.

(20)

3.4 CasedIl): 2m >n>m; n=3,..,N;m=2,3,...,N -1
In this case, the complex torsion function can be assumed in the
form
W () =———[A, +AL"+ AL + AL + AL + AL +AL]
@+p5¢")

After determining the constants A  to A, and inserting the results in

2

the above, we have
Czi 2 2 n
W (£) :W{(l+a +0°)L-BS")

+26[(1= )" + BN = BT 1+ 20 (L4 5)(ET - BCTTY

20

4. TORSION RIGIDITY FOR SOME CROSS SECTION
In this section, we will determine the torsion rigidity D for cross
sections that can be mapped on the unit circle y by the rational

mapping function

1+al™
Z = ; 0 22
cs e c> (22)
With its corresponding complex torsion function
ic’
W _——— -2ap°
O syt (23)

+BQRap —a’ =1¢" +2a(l- ) (" - B}

Using the first formula of (5), we obtain
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I = _;CA !G (oo Q.= %{—1— a’ +6af —Taf’ +3af%} (31)
Go)= U(ltlia;;(? (; C,:; . - p(n-1)o" 23) Introdug:?g (30), (31) in (29), we get
T 2 2y\2 2 2 3 2 4
+a(3n +1)0™ + af(2n +1)0"] Ve gy B ey f 12 ey =3

141+ a®) f° +12a° B° + 6a(l+a®) B’ —14a’B° + 6a’ B} (32
The integrand (23) has a pole of order (4n+1) at the origin, and n Hlalra)f 120 bal v a)p @ +ba’ iy (32)

double poles at ﬂs ,5=1,2,...n where " = -3, (| ﬂ| <1). The torsion rigidity D, is obtained in the final form (4 12)
Let P, denotes the residue of the integrand at the points A and P D - c’ [+ 4a® + ' (1430) + [0 —1- 20 +1)a']f°
denotes the residue at the origin, then we have a-p"
|- mA[P+Zn:PS] (24) +4na2ﬂ25—802:2,53(2+3n)—2aﬂ3(82—26aﬁ'—6ﬁ2)
2 o +12af°[2a° (N +1) — (n = 2)]+ 2a°B° (7 +9n)
In order to get the residue P we expand the integrand G (o) in —4aff' [’ (n+2)+2@1-n)]-4a’B(6+7n) +2a°B°(5+4n)} (33)
power of o . Hence the coefficient of ¢ in the resulting expressiol\\/hich is a parabolic function of n.
is As an important special case, for the epitrochoid cross sec-
P :%{Saz +4a*(n +1)B7 - 2(2a* +3na® + 2)af? tion, we let g=0in (33) to get
1902 (N +1) ' — 2a(2 + 2% + 1 +4a’n) B+ 9 (n +1) B . D= ”‘;C4{1+ 4a’ +(3n +1)a'} (34)
~20Q+ 20" k0 A+ 4e 2430+ 5"+ 20)FT (5) 1y addition, lete = 4, in (22), we get the following confor-
For the residues, P, we seto =¢, +t in the integrand (23) and ex- T?;)T??g'_nggn e (35)
pand. tbe resuljci.r1g in pox{vers of t. After some algebraic work the The corresponding torsion rigidity to (35) is
coefficient oft ™ is found in the form )
5 :%{(1_ﬁ2)[_1_(n _08% + (s g + (20 D88 D :%{u 457 +(n+9)F +4(n +1)° + (2n +1) 5} (36)
X (@ +20° B +54° -8af°) +(a-f)1-af) (26)
X[4+10-3n)'f+6(n 1" + af@n +1)(1=45") +3(2n + Daf T} 5. SHEARING STRESSES FOR SOME CROSS SEC-

Inserting (25), (26) in (24), we have the polar moment of inertia in TIONS:

the final form The Shearing stresses pZ and wZ at any point of the cross section

4

7c 2 4 2 2 4
= 72(1_ 5y {1+2a°(2+3n)+a"(L+3n)+28°n(l+4a” +a*) are given by, see [14]
—8af’[2+3n +2a*(1+3n)]- B [L-n) +2a*(2+n) + a*(L+2n)] 57 —ivZ = s , L7 (AT (P 37
+4af [ (6 +13n) + 2(3+ 2n)] + 142 B°(L+ 3n) — e’ [2¢%(2 + n)(L+ 2n)] » v 1z W) €2 37)

~8a ' (3+7n) +100° /7 (L+ 2n)}- @ Using the conformal mapping (22) and (23) in (37), we have

Introducing (4.1), (4.2) in the second formula of (2.5), we get L cpri n , .~ ,
pL —iyZ = {———=(1-a"+af+af’)p" —al-5°)
) T pa-p)
V=G MO e ap) ol 2B -3 o 260" D X (2B-B=p)¢" =28 C" +p” B) = pll+(1L—n) S
hio = e N2 o) @) +@n +Dag™ +(2n +Dapg 1L+ ad ™)+ I} (38)
T :|1+(1— n)AC" +(3n +D)ad™ + (2n +DaBS* L+ B ’
Inside Vv, the integrand has simple poles at Putting p =1, in (38), then after considerable amount of algebraic
4,8 =12,..,n; A" =-pB, |B<1| and pole of order (n+1) at the origiRyork, we have:
Let Q and Q, denote the residues at the origin and 4, , respectively.
Then - > A, cossny
. 0 pZ) . =0, (WZ), = — =0 ; 39

J=-2'7Q+2Q) (29) %) V2= [3°B, cossny ] &9
Following the previous way of determining (27), (28),
we have

Q= %{1+ a? =3af - 2afF +3B*(1+a’) - 3aB°} (30)
And
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A, =1-2ngp’ +(@n +a’ - (2n +Da’f* - (1-n) B, A, = 2nap*(1- B°), (3) For fixed n and different values of o and {, the function depends

A, ==2napl-p?), A,=2a(l-p?),
B, =1+({1-n)’B*+(Bn +1)*a’ +(2n +Da’p?,
B, =24[1-n+(3n +1)(2n +1)a’], B, =2ap8(1-n)(3n +1), of harmonic are increasing.
B, =2a[3n +1+(@1-n)(2n +1)5°], B, =2ap(l+2n)
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